A-splines are implicit real algebraic curves in Bernstein-B ezier BB form that are smooth. We develop A-spline curve models using various energy formulations, incorporating bending and stretching energy, based on the theory of elasticity. The attempt to nd true energy minimizing curves usually leads to complicated integrals which can only be solved numerically, w e i n troduce a simpli ed energy formulation which is much faster to compute yet still provides reasonably accurate results. Several examples for C 1 -continuous quadratic A-splines using the true and simpli ed energy models are then presented.
Introduction
An A-spline is a smooth zero contour curve o f a b i v ariate polynomial in Bernstein-B ezier BB form de ned within a triangle Bajaj and Xu, 1992 , where the A" stands for algebraic. Solutions to the problem of constructing a C 1 chain of implicit algebraic splines based on a polygon P have been given by Bajaj and Xu 1992 and for dense image or sparse scattered data by Bajaj and Xu 1996. Several applications in image processing and computer graphics have been shown to be enhanced by using active contour models Cohen and Cohen, 1993; Kass, Witkin, and Terzopolous, 1988; Ronfard, 1994; Williams and Shah, 1992 and physically based modeling see Terzopolous, Platt, Barr, and Fleischer 1987 and several others. In this paper we develop a spectrum of physical A-spline curve models using various energy formulations based on the theory of elasticity Landau and Lifschitz, 1959 . There are several advantages of this representation:
A-splines can model arbitrary closed curves with degree bounded polynomial curve segments and various inter-segment continuity The class of objects represented by A-splines contains the class of objects representable by polynomial or rational B-splines
We consider an exact model for the strain energy, and conclude that simpli cations are necessary in order to develop a practical algorithm for its approximation. Possible methods of approximating the strain energy include C 1 -continuous quadratic and C 3 -continuous cubic A-splines. We then explore in detail a simpli ed energy formulation for C 1 -continuous quadratic A-splines. The search for minimal energy curves has a history stretching back to Euler curves he termed as elastica" and more recently by pure and applied mathematicians Birkho and DeBoor, 1965; Bryant and Gri ths, 1986; Golomb and Jerome, 1982; Kallay, 1986; Lee and Forsythe, 1975; Malcolm, 1977, computer vision experts Brotman and Netravali, 1988; Bruckstein and Netravali, 1990; Horn, 1983; Mumford, 1994 , and geometric designers Mehlum, 1974; Jou and Han, 1990b . A c haracterization of plane elastica is given by Brunnett 1992 , and closed-from expressions of bending energies for polynomial Pythagorean-Hodograph curves in Farouki 1996 . We note that since quadratic A-splines are at most C 1 -continuous, we nd that energy-minimizing curves seem to be better approximated by cubic A-splines, which can achieve u p t o C 3 continuity while still maintaining a degree of freedom for shape control.
The rest of this paper is as follows. Section 2 gives preliminary information about A-splines as well as the theory of elasticity. In Section 3 we develop the elastic strain energy model for A-splines, taking into account both stretching and bending energy. Furthermore, we describe a simpli ed energy model for computational e ciency. Section 4 describes algorithms that minimize the di erent energy formulations of the previous section. Several example case studies detailing the use of C 1 -continuous quadratic A-splines are provided. Section 5 concludes the paper.
Notation and Preliminary Details
Let p 1 ; p 2 ; p 3 2 IR 2 be non-collinear. Then the triangle or two-dimensional simplex with vertices p 1 ; p 2 , and p 3 , is T = p 1 p 2 p 3 . Let p = x; y T , p i = x i ; y i T . Then for any p = The non-collinearity o f p 1 ; p 2 , and p 3 guarantees that the 3 3 matrix in 2.1 is non-singular and that the barycentric coordinates are well de ned. 
A-splines
An A-spline is a smooth zero contour curve of a bivariate polynomial in BB form de ned within a triangle Bajaj and Xu, 1992 . Figure 2 .1 shows examples of A-splines that are de ned in Bajaj and Xu 1992. The papers Xu, 1992, Bajaj and Xu, 1996 explore the possibilities of building piecewise smooth curves that interpolate or approximate given polygonal data sets.
For further formulation of elastic models we brie y describe the A-spline in the following way. The formulation includes the A-spline Bajaj and Xu, 1992 , the 2D counterpart of the A-spline, which treats piecewise implicit curves. A piecewise A-spline curve consists of the zero contour of some piecewise smooth BB polynomials de ned over a simplicial hull , or a triangulation of a connected region of the space. In particular, where a is the intrinsic or material coordinate of the curve. Most of the elastic curves that are built on parameterizations other than the intrinsic, are referred to as elastica" Jou and Han, 1990a; Mumford, 1994 . The rst step of de ning the elastic energy of a geometric entity is actually the mapping between the material coordinates and some parameterization of the geometric entity. For a piecewise representation, the joining points of the pieces could be identi ed as such a parameterization. Namely, each joining point is associated with xed material coordinates during a deformation process. However, such a parameterization is too coarse. A second level parameterization is needed to describe detail changes, especially when there is substantial freedom within each entity. In the following energy curves, we assume that the material is uniformly distributed along the curve. Thus in place of the material coordinate a we will use the arc length coordinate s, and the elastic potential energy in 3.1 becomes Mumford, 1994: 
The terms and 2 represent the stretching and bending energy, respectively.
Elastic strain energy model of A-splines
Let S 1 ; 2 = 0 be an A-spline de ned within a triangle p 1 p 2 p 3 see gure 3.1. The curved piece interpolates p 1 and p 3 and is tangent to p 1 p 2 and p 3 p 2 at p 1 and p 3 respectively. Let Fx; y = 0 be the representation of the spline in Cartesian coordinates. The Cartesian coordinates of p 1 , p 2 and p 3 are x 1 ; y 1 , x 2 ; y 2 and x 3 ; y 3 , respectively, and their local barycentric coordinates, suppressing the third coordinate 3 = 1 , 1 , 2 , are 1; 0, 0; 1, and 0; 0, respectively.
For several purposes, such as computing the energy 3.2 below, we need to express the spline coordinates as functions of a single parameter, say u. One e ective w ay of doing this is to parametrize the A-spline within a control triangle by nding its point o f i n tersection with a line segment connecting the apex point p 2 t o a point on the base p 3 p 1 . It was shown in Bajaj and Xu, 1992 that such a line segment always intersects the A-spline exactly once when the constraints 2.12 and 2.13 are satis ed, and there this technique was used to obtain parametrizations of various quadratic and cubic A-splines. We simply let u parametrize the line segment p 3 p 1 , so that in BB coordinates, p 3 p 1 is given by u; 0, 0 u 1. Now using 3.2, 2.11, and 2.8 we can write the total energy as Since the integrand, call it gu, in 3.3 cannot be integrated symbolically in general, we wish to nd an approximation to the total energy that can be computed quickly compared to the time-consuming numerical integration involved with 3.3. An ideal candidate is apply Simpson's rule. Using just three points in the interest of computational speed, this gives the approximation E total = g0 + 4g1=2 + g1 =6. However, for many common parametrizations gu ! 1 as u ! 0 o r 1 . In this case we make a c hange of variables to eliminate the singularity, and use a Simpson's rule approximation to the result.
Energy Optimization
We n o w consider how to minimize the di erent energy functions of the earlier section over the constrained degrees of freedom domain vertices and control weights of the A-spline curve.
Local Minimization of Total Energy
Here we take i n to account both the bending and stretching energy as de ned in equation 3 4.1.1 Exact solutions System 4.1 is in general a nonlinear system of b. A nonlinear system is not guaranteed to be solvable.
However, by restricting the freedom to one variable, we reduce to the system to a univariate non-linear system, which is easy to solve. ft and f 0 t are both continuous.
In order to solve these equations, we need a parametrization of the A-spline. We can use standard methods, such as Newton's method, to solve for the roots. Note that the evaluations of ft and f 0 t w ould involve n umerical integrations.
Low degree A-splines
We n o w proceed to derive parametrizations of linear, quadratic, and cubic A-splines. Doing the linear case rst, we observe that a parametrization of a general line in BB form -continuous quadratic case be derived, but will be omitted here due to their great length and complexity.
Case study Suppose a quadratic curve Fx; y = 0 passes through the points p 3 = 0 ; 0 and p 1 = 1 ; 0, and that we are given that the tangent lines at these points have slopes 2 and ,3, respectively. Then the intersection of the tangent lines is p 2 = 3 =5; 6=5. In this case 2.3 gives 1 ; 2 = 2x ,y=2; 5y=6. We set b 020 = ,1, and take = 1 and = The second part of the spline, the piece within p 1 p 2 p 3 , is the re ection of the rst piece across the y-axis. These two cases are shown in Figure 4 .3. Note that as increases with respect to , the stretching component of the total energy becomes more important than the bending component, and as a result the length of the simpli ed energy minimizing spline in 4.3b is less than that in 4.3a.
Case Study
For another example, we consider the problem of minimizing the total simpli ed energy of a closed contour with one point on each of the sides of the triangle 4p 2 p 0 2 p 00 2 , where p 2 = 0 ; 0, p 0 2 = 7 ; 0, and p 00 2 = 6 ; 5.
The three points on the sides of 4p 2 p 0 2 p 00 2 will be denoted by p 3 = p 0 1 , p 0 3 = p 00 1 , and p 00 3 = p 1 , as in Figure  4 .4. We will also impose the condition that each o f p 1 , p 0 1 , and p 00 , o ver each piece is nearly constant. While the resulting system is sparse and may b e solved iteratively, generally a large number of pieces will be required. For example, in the case study in Section 4.1.2, the denominator ranges from 0.254 when 1 = 0 down to 0.110 at 1 = 0:535 and back up to 0.719 when 1 = 1. Thus if we wanted the denominator to vary by at most 1 percent o ver each subinterval and were able to divide the interval 0; 1 of the 1 -axis at precisely the right points, we w ould need 133 subintervals. If we w ere willing to relax the condition to a 5 percent v ariance, we w ould still need 27 subintervals. Furthermore, nding the values of 1 at which the break points should be located is in itself a signi cant problem. In practice these locations will not be known beforehand, and one may h a ve to make a conservative subdivision of the interval 1 2 0; 1 to ensure the desired accuracy.
